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1. Introduction
It is well known that the Lorentzian space form with the negative constant curvature is called Anti de Sitter space which
is one of the vacuum solutions of the Einstein equation in the theory of relativity. In [1,2] we have applied singularity
theory to study the non-degenerate surfaces (i.e., spacelike surfaces or timelike surfaces) in Anti de Sitter 3-space. The next
step is to investigate the geometry properties of degenerate surfaces. The degenerate surfaces, which are called AdS null
surfaces, are ruled surfaces along spacelike curves in Anti de Sitter 3-space. All of the tangent planes of these ruled surfaces
at regular points are degenerate planes. In [3,4], Izumiya et al. have studied spacelike curves in Minkowski 3-space and
de Sitter 3-space respectively as applications of singularity theory. We will use a similar way to study the AdS null surfaces
which are associated to the spacelike curves in Anti de Sitter 3-space.
In this paper we ﬁrst consider spacelike curves in Anti de Sitter 3-space as a simplest case for the study of higher
codimensional submanifolds in Anti de Sitter space. We deﬁne the torus Gauss images along the spacelike curves. We also
deﬁne the torus height function and AdS distance-squared function on a spacelike curve. We apply the versal unfolding
theory of functions to them and take advantage of these two families of functions to investigate the geometric properties of
AdS null surfaces and torus Gauss image in Anti de Sitter 3-space. The main results in this paper are Theorems 2.1 and 2.2.
These theorems give the classiﬁcations of singularities of AdS null surfaces for the generic spacelike curves in Anti de Sitter
3-space and the description of geometric meanings of these singularities. Moreover we introduce a new invariant σ(s) for
the spacelike curves. We can use it to characterize the contact of spacelike curves with some models (i.e., AdS nullcone) in
Anti de Sitter 3-space.
We shall assume that all the maps and manifolds in this paper are C∞ unless the contrary is explicitly stated.
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In this section we prepare basic notions on semi-Euclidean 4-space with index 2.
Let R4 = {(x1, . . . , x4) | xi ∈ R (i = 1, . . . ,4)} be a 4-dimensional vector space. For any vectors x = (x1, . . . , x4) and y =
(y1, . . . , y4) in R4, the pseudo-scalar product of x and y is deﬁned to be 〈x, y〉 = −x1 y1 − x2 y2 + x3 y3 + x4 y4. We call
(R4, 〈 , 〉) a semi-Euclidean 4-space with index 2 and write R42 instead of (R4, 〈 , 〉).
We say that a non-zero vector x in R42 is spacelike, null or timelike if 〈x, x〉 > 0, 〈x, x〉 = 0 or 〈x, x〉 < 0 respectively. The
norm of the vector x ∈ R42 is deﬁned by ‖x‖ =
√|〈x, x〉|. We denote the signature of a vector x by
sign(x) =
{
1 x is spacelike,
0 x is null,
−1 x is timelike.
For a vector n ∈ R42 and a real number c, we deﬁne the hyperplane with pseudo-normal n by
HP(n, c) = {x ∈ R42 ∣∣ 〈x,n〉 = c}.
We call HP(n, c) a Lorentz hyperplane, a semi-Euclidean hyperplane with index 2 or a null hyperplane if n is timelike, spacelike or
null respectively.
We now deﬁne Anti de Sitter 3-space (brieﬂy, AdS 3-space) by
H31 =
{
x ∈ R42
∣∣ 〈x, x〉 = −1},
a closed nullcone with vertex a by
Λa =
{
x ∈ R42
∣∣ 〈x− a, x− a〉 = 0}.
In particular we call Λ0 the nullcone at the origin. We also deﬁne the Lorentz torus by
T 21 =
{
x= (x1, x2, x3, x4) ∈ Λ0
∣∣ x21 + x22 = x23 + x24 = 1}.
If non-zero vector x= (x1, x2, x3, x4) ∈ Λ0, we have
x˜= ± 1√
x21 + x22
(x1, x2, x3, x4) = ± 1√
x21 + x22
x ∈ T 21 .
We also consider the following set in H31 which is given by the intersection of H
3
1 with a hyperplane HP(v, c). We denote
it by AH(v, c) = H31 ∩ HP(v, c) and call it an Anti de Sitter nullcone (brieﬂy, AdS nullcone) with vertex v , an Anti de Sitter null
hyperbolic cylinder (brieﬂy, AdS null hyperbolic cylinder) if v ∈ H31 and c = −1 or v ∈ Λ0 and c = 0 respectively.
For any x1, x2, x3 ∈ R42. We deﬁne a vector x1 ∧ x2 ∧ x3 by
x1 ∧ x2 ∧ x3 =
∣∣∣∣∣∣∣∣∣
−e1 −e2 e3 e4
x11 x
1
2 x
1
3 x
1
4
x21 x
2
2 x
2
3 x
2
4
x31 x
3
2 x
3
3 x
3
4
∣∣∣∣∣∣∣∣∣ ,
where {e1, e2, e3, e4} is the canonical basis of R42 and xi = (xi1, xi2, xi3, xi4). It is obvious that
〈x, x1 ∧ x2 ∧ x3〉 = det(x, x1, x2, x3),
so that x1 ∧ x2 ∧ x3 is pseudo-orthogonal to any xi (for i = 1,2,3).
We now introduce the local differential geometry of spacelike curves in H31. Let γ : I −→ H31 be a regular curve (i.e.,
an embedding). The regular curve γ is said to be spacelike if γ˙ is a spacelike vector at any t ∈ I , where γ˙ = dγ /dt . Since
γ is a spacelike regular curve, it may admit an arc length parametrization s = s(t). Therefore, we can assume that γ (s) is
a unit speed curve. Now we have the unit tangent vector t(s) = γ ′(s). Since 〈γ (s),γ (s)〉 ≡ −1, we have 〈γ (s), t(s)〉 ≡ 0.
From a direct calculation we have 〈γ (s), t ′(s)〉 = −1. We now denote N(s) = t ′(s) − γ (s) and E(s) = γ (s) ∧ t(s) ∧ N(s).
It is easy to check that N and E are normal vectors of the spacelike curve γ in H31. We also deﬁne the curvature by
kg(s) = ‖t ′(s) − γ (s)‖. We can show that spacelike curve γ is a geodesic in H31 if kg(s) = 0 and N(s) = 0. In the case when
kg(s) = 0, we can deﬁne unit vectors n(s) and e(s) by
n(s) = t
′(s) − γ (s)
‖t ′(s) − γ (s)‖ =
N(s)
‖N(s)‖ , e(s) = γ (s) ∧ t(s) ∧ n(s).
Then we have a pseudo-orthonormal frame {γ (s), t(s),n(s), e(s)} of R42 along γ . By the standard arguments, we can give
the following Frenet–Serret type formula:
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γ ′(s) = t(s),
t ′(s) = γ (s) + kg(s)n(s),
n′(s) = −δkg(s)t(s) + δτg(s)e(s),
e′(s) = δτg(s)n(s)
where δ = sign(n(s)) and τg(s) = 1k2g (s) det(γ (s),γ
′(s),γ ′′(s),γ ′′′(s)).
We remark that if kg(s) = 0 and N(s) = 0, we have that N(s) is a null vector. Since 〈N(s) ± E(s), N(s)〉 = 0, it follows
that N(s) ± E(s) is also a null vector which is parallel to the vector N(s).
Now we deﬁne a map
G˜± : I −→ T 21
by G˜±(s) = ˜N(s) ± E(s). We call it torus Gauss image. Under the assumption that kg(s) = 0 we also deﬁne a ruled surface
ΛD±γ : I × R −→ H31
by ΛD±γ (s, λ) = γ (s) + λ(n(s) ± e(s)). We call this ruled surface Anti de Sitter null surface associated to a spacelike curve γ
(brieﬂy, AdS null surface). In this paper we mainly consider the Lorentzian geometric meanings of the singularities of the
torus Gauss images and of the AdS null surfaces. We now introduce a new invariant σ of a spacelike curve in H31 by
σ(s) = k′g(s) ∓ kg(s)τg(s).
On the other hand, let F : H31 −→ R be a submersion and γ : I −→ H31 be a spacelike curve in H31. We say that γ and
F−1(0) have k-point contact for t = t0 provided the function g deﬁned by
g(t) = F (γ1(t), . . . , γ4(t))= F (γ (t))
satisﬁes g(t0) = g′(t0) = · · · = g(k−1)(t0) = 0, g(k)(t0) = 0. We also say that the order of contact is k. Dropping the condition
g(k)(t0) = 0 we say that there is at least k-point contact (cf., [5]). The main result in this paper is the following:
Theorem 2.1. Let γ : I −→ H31 be a unit speed spacelike curve in Anti de Sitter 3-space.
(1) Suppose N(s) = 0 and v0 ∈ Λ0 , we have the following:
(a) The singular set of torus Gauss image G˜± is {s ∈ I | kg(s) = 0}.
(b) γ and the AdS null hyperbolic cylinder AH(v0,0) have 3-point contact for s0 if and only if v0 = ˜N(s0) ± E(s0) and
kg(s0) = 0. Under this condition, the torus Gauss image G˜± has a cusp point at s0 .
(2) Assume kg(s) = 0 and v0 ∈ H31 , we have the following:
(a) The singular set of ΛD±γ is {(s, λ) | λ = 1δkg (s) , s ∈ I, λ ∈ R}.
(b) γ and the AdS nullcone AH(v0,−1) have 3-point contact for s0 if and only if
v0 = γ (s0) + 1
δkg(s0)
(n± e) and σ(s0) = 0.
Under this condition, the germ of image ΛD±γ at v0 is diffeomorphic to the cuspidal edge C × R.
(c) γ and the AdS nullcone AH(v0,−1) have 4-point contact for s0 if and only if
v0 = γ (s0) + 1
δkg(s0)
(n± e), σ (s0) = 0 and σ ′(s0) = 0.
Under this condition, the germ of image ΛD±γ at v0 is diffeomorphic to the swallowtail SW.
Here
C × R = {(x1, x2) ∣∣ x21 − x32 = 0}× R is the cuspidal edge,
SW = {(x1, x2, x3) ∣∣ x1 = 3u4 + u2v, x2 = 4u3 + 2uv, x3 = v} is the swallowtail (cf., Fig. 1).
We remark that the above theorem gives a classiﬁcation of the singularities of the AdS null surface of a generic spacelike
curve in Anti de Sitter 3-space and describes the contact between AdS nullcones and spacelike curves. Let EmbS (I, H31) be
the space of spacelike embeddings γ : I −→ H31 with kg(s) = 0 equipped with Whitney C∞-topology. The generic classiﬁca-
tion result is given as follows:
Theorem 2.2. There exists an open and dense subset O ⊂ EmbS (I, H31) such that for any γ ∈ O, the AdS null surface ΛD±γ of γ is
locally diffeomorphic to the cuspidal edge or the swallowtail at any singular point.
The proofs of these two theorems will be respectively given in Sections 5 and 6.
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3. Torus height functions and Anti de Sitter distance-squared functions on spacelike curves
In this section we deﬁne two families of functions on a spacelike curve which are useful for the studying of singularities
of torus Gauss images and of AdS null surfaces of the spacelike curves. For a unit speed spacelike curve γ : I −→ H31, we
may deﬁne a function
H : I × T 21 −→ R
by H(s, v) = 〈γ (s), v〉. We call H a torus height function on γ . We denote that hv(s) = H(s, v) for any v ∈ T 21 . Then we have
the following proposition.
Proposition 3.1. Let γ : I −→ H31 be a unit spacelike curve with N(s) = 0. Then we have the following assertions:
(1) hv(s0) = h′v(s0) = 0 if and only if v = ˜N(s0) ± E(s0);
(2) hv(s0) = h′v(s0) = h′′v(s0) = 0 if and only if v = ˜N(s0) ± E(s0), kg(s0) = 0.
Proof. (1) Since hv(s0) = h′v(s0) = 0, it follows that v⊥γ (s0) and v⊥ t(s0). On the other hand v ∈ T 21 , we have v =
˜N(s0) ± E(s0).
(2) Since h′′v(s0) = 〈t ′(s0), v〉, it follows that hv(s0) = h′v(s0) = h′′v(s0) = 0 if and only if 〈N(s0)+γ (s0), ˜N(s0) ± E(s0)〉 = 0.
This means that ‖N(s0)‖ = 0. Therefore kg(s0) = 0. 
We now deﬁne a function
D : I × H31 −→ R
by D(s, v) = 〈γ (s) − v,γ (s) − v〉. We call D Anti de Sitter distance-squared function (or, AdS distance-squared function) on γ .
We denote that dv(s) = D(s, v) for any v ∈ H31. Then we have the following proposition.
Proposition 3.2. Let γ : I −→ H31 be a unit spacelike curve with kg(s) = 0. Then we have the following assertions:
(1) dv(s0) = d′v (s0) = 0 if and only if there exists λ ∈ R such that
v = γ (s0) + λ
(
n(s0) ± e(s0)
);
(2) dv(s0) = d′v (s0) = d′′v(s0) = 0 if and only if v = γ (s0) + 1δkg (s0) (n(s0) ± e(s0));
(3) dv(s0) = d′v (s0) = d′′v(s0) = d′′′v (s0) = 0 if and only if
v = γ (s0) + 1
δkg(s0)
(
n(s0) ± e(s0)
)
and σ(s0) = 0;
(4) dv(s0) = d′v (s0) = d′′v(s0) = d′′′v (s0) = d(4)v (s0) = 0 if and only if
v = γ (s0) + 1
δkg(s0)
(
n(s0) ± e(s0)
)
, σ (s0) = 0 and σ ′(s0) = 0.
260 L. Chen et al. / J. Math. Anal. Appl. 366 (2010) 256–265Proof. (1) Since {γ (s), t(s),n(s), e(s)} is a pseudo-orthonormal frame of R42 along γ and v ∈ H31, there exist η,α,λ,β ∈ R
with −η2 + α2 + δλ2 − δβ2 = −1 such that v = ηγ (s) + αt(s) + λn(s) + βe(s). By the deﬁnition of dv (s) and the condition
dv(s0) = 0 we have η = 1. Therefore, we have v = γ (s0)+αt(s0)+λn(s0)+βe(s0). Since d′v(s0) = 0, we have 〈t(s0),γ (s0)−
v〉 = 0. This means α = 0. It follows from the fact δλ2 − δβ2 = 0 that β = ±λ. So that v = γ (s0) + λ(n(s0) ± e(s0)).
(2) Since d′′v(s0) = 0, we have 〈t ′(s0),γ (s0) − v〉 + 〈t(s0), t(s0)〉 = 0. This means λ = 1δkg (s0) .
(3) Since d′′′v (s0) = 0, we have〈
k′g(s0)n(s0) + kg(s0)n′(s0) + t(s0),γ (s0) − v
〉+ 〈kg(s0)n(s0) + γ (s0), t(s0)〉= 0.
It follows that
k′g (s0)
kg (s0)
∓ τg(s0) = 0. This is equivalent to the condition σ(s0) = 0.
(4) Since d(4)v (s) = 0, we have〈(
1− δk2g(s)
)
t(s) + k′g(s)n(s) + δkg(s)τg(s)e(s),γ (s) − v
〉′ = 0.
This means k′′g(s0) ∓ k′g(s0)τg(s0) ∓ kg(s0)τ ′g(s0) = 0. So that, we have σ ′(s0) = 0. 
4. Invariants of spacelike curves in AdS 3-space
In this section we try to explain the geometric meanings of the invariants σ(s), kg(s) and τg(s) which are deﬁned
in Section 2. Let w be spacelike vector and v ∈ H31, we deﬁne an Anti de Sitter null curve (or, AdS null curve) in H31 by
AH(v,−1) ∩ HP(w,0). We call it Anti de Sitter null circle (brieﬂy, AdS null circle) or Anti de Sitter null line (brieﬂy, AdS null line)
if w is spacelike or timelike respectively. We have the following proposition.
Proposition 4.1. For a unit speed spacelike curve γ : I −→ H31 with kg(s) = 0. Let v±(s) = γ (s) + 1δkg (s) (n(s) ± e(s)). We have the
following:
(1) Suppose that kg(s) is not a constant. Then the following conditions are equivalent:
(a) v±(s) is a constant vector;
(b) σ(s) ≡ 0;
(c) γ is located on an AdS nullcone.
(2) Suppose that kg(s) is a constant. Then the following conditions are equivalent:
(a) v±(s) is a constant vector;
(b) τg(s) ≡ 0;
(c) γ is a part of AdS null circle or AdS null line.
Proof. (1) Since kg(s) is not a constant and v±(s) = γ (s) + 1δkg (s) (n(s) ± e(s)), we have
v±′(s) = t + (n
′(s) ± e′(s))δkg(s) − (n(s) ± e(s))δk′g(s)
k2g(s)
= ±δkg(s)τg(s) − δk
′
g(s)
k2g(s)
n(s) + δkg(s)τg(s) ∓ δk
′
g(s)
k2g(s)
e(s).
Therefore, v±′ (s) = 0 if and only if σ(s) = 0. The conditions (a) and (b) of (1) are equivalent.
If γ is located on an AdS nullcone AH(v0,−1), we have D(s, v0) ≡ 0, where D(s, v) is an AdS distance-squared function
on γ . By the assertion (3) of Proposition 3.2, we have σ(s) ≡ 0. This means the condition (c) implies the condition (b). It is
obvious that the condition (a) implies the condition (c). So the three conditions of (1) are equivalent.
(2) Suppose that kg(s) is a constant c, we have v±(s) = γ (s) + 1δc (n(s) ± e(s)). Then
v±′(s) = t + 1
δc
(−δct(s) + τg(s)e(s) ± τgn(s))= τg
δc
(
e(s) ± n(s)).
This means that (a) is equivalent to (b) in (2). We now consider an AdS null curve given by AH(v±,−1)∩ 〈γ (s), t(s),n(s)〉R .
Assume that v±(s) is a constant vector, then τg(s) ≡ 0. So we have that e(s) is a constant vector. This means that
AH(v±,−1) ∩ 〈γ (s), t(s),n(s)〉R is constant. Thus γ is a part of an AdS null curve. If e(s) is spacelike we have that γ
is a part of an AdS null circle. If e(s) is timelike we have that γ is a part of an AdS null line. Suppose that γ is a part
of AdS null curve. According to the deﬁnition of AdS null curve, it follows that τg(s) ≡ 0. This completes the proof of the
assertion (2). 
We remark that by Theorem 2.1, the assertion (1) of the above proposition suggests that invariant σ(s) describes the
contact between spacelike curves and AdS nullcones, the assertion (2) suggests that the two invariants kg(s) and τg(s)
describe the contact between spacelike curves and AdS null curves.
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(1) s0 ∈ I is a singular point of the torus Gauss image G± if and only if kg(s0) = 0;
(2) kg(s) ≡ 0 if and only if the torus Gauss image G± is a constant.
Proof. We consider the torus height function H : I × T 21 −→ R. According to the implicit function theorem, under the
condition (∂2H/∂s∂v)(s0, v0) = 0, (∂H/∂s)(s0, v0) = 0 if and only if there exists a smooth function f : I −→ T 21 such that
(∂H/∂s)−1(0) = {(s, v) | v = f (s)}. By Proposition 3.1, we have f (s) = G±(s). Moreover, (∂2H/∂s2)(s0, v0) = 0 if and only if
G±′(s0) = 0. This means that s0 is a singular point of the torus Gauss image G± .
The assertion (2) is a direct corollary of assertion (1). 
5. Unfoldings of functions of one-variable
In this section we use some general results on the singularity theory for families of function germs to give a proof of
our main result Theorem 2.1. Detailed descriptions of these results can be found in [3–5]. Let F : (R × Rr, (s0, x0)) −→ R be
a function germ. We call F an r-parameter unfolding of f , where f (s) = F (s, x0). We say that f has an Ak-singularity at s0
if f (p)(s0) = 0 for all 1  p  k, and f (k+1)(s0) = 0. We also say that f has an Ak-singularity at s0 if f (p)(s0) = 0 for all
1 p  k. Let F be an unfolding of f and f (s) have Ak-singularity (k  1) at s0. We denote the (k − 1)-jet of the partial
derivative ∂ F
∂xi
at s0 by
jk−1
(
∂ F
∂xi
(s, x0)
)
(s0) =
k−1∑
j=0
α ji s
j for i = 1, . . . , r.
According to J.W. Bruce and P.J. Giblin [5, p. 149, Theorem 6.10], we have that F is versal unfolding if and only if the k × r
matrix of coeﬃcients (α ji) has rank k (k r).
We now introduce an important set concerning the unfoldings relative to the above notions. The discriminant set of F is
the set
DF =
{
x ∈ Rr
∣∣∣ there exists s with F = ∂ F
∂s
= 0 at (s, x)
}
.
Then we have the following well-known result (cf., [5]).
Theorem 5.1. Let F : (R×Rr, (s0, x0)) −→ R be an r-parameter unfolding of f (s) which has an Ak-singularity at s0 . Suppose that F
is a versal unfolding. Then we have the followings:
(1) If k = 2, then DF is locally diffeomorphic to C × Rr−2;
(2) If k = 3, then DF is locally diffeomorphic to SW × Rr−3 .
Now we can apply the above arguments to our case. Let γ : I −→ H31 be a unit speed spacelike curve in H31, H be the
torus height function on γ and D be the AdS distance-squared function on γ . By Propositions 3.1 and 3.2, the discriminant
sets of the torus height function H and of the AdS distance-squared function D are given respectively by
DH =
{
˜N(s) ± E(s) ∣∣ s ∈ I}, DD = {γ (s) + λ(n± e) ∣∣ s ∈ I, λ ∈ R}.
Then we have the following propositions.
Proposition 5.2. Let H : I × T 21 −→ R be the torus height function on a unit speed spacelike curve γ in H31 with N = 0. Suppose that
v ∈ DH and hv(s) = H(s, v). If hv has A2-singularity at s, then H is a versal unfolding of hv .
Proof. Let γ (s) = (γ1(s), . . . , γ4(s)) ∈ H31 and v = (cos θ, sin θ, cosα, sinα) ∈ T 21 , we have
H(s, v) = −γ1 cos θ − γ2 sin θ + γ3 cosα + γ4 sinα = H(s, θ,α).
Then we have
∂H
∂θ
(s, θ,α) = γ1(s) sin θ − γ2(s) cos θ,
∂H
∂α
(s, θ,α) = −γ3(s) sinα + γ4(s) cosα
and
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∂s∂θ
(s, θ,α) = γ ′1(s) sin θ − γ ′2(s) cos θ,
∂2H
∂s∂vi
(s, θ,α) = −γ ′3(s) sinα + γ ′4(s) cosα.
So that the 1-jets of ∂H
∂θ
and ∂H
∂α with constant terms at s0 are given by
j1
(
∂H
∂θ
(s, θ,α)
)
(s0) = γ1(s) sin θ − γ2(s) cos θ +
(
γ ′1(s) sin θ − γ ′2(s) cos θ
)
s,
j1
(
∂H
∂α
(s, θ,α)
)
(s0) = γ4(s) cosα − γ3(s) sinα +
(
γ ′4(s) cosα − γ ′3(s) sinα
)
s.
Let
A =
(
γ1(s) sin θ − γ2(s) cos θ γ4(s) cosα − γ3(s) sinα
γ ′1(s) sin θ − γ ′2(s)cosθ γ ′4(s) cosα − γ ′3(s) sinα
)
.
It is easy to show that
det A = − sin θ sinα(γ1(s)γ ′3(s) − γ ′1(s)γ3(s))+ sin θ cosα(γ1(s)γ ′4(s) − γ ′1(s)γ4(s))
+ cos θ sinα(γ2(s)γ ′3(s) − γ ′2(s)γ3(s))− cos θ cosα(γ2(s)γ ′4(s) − γ ′2(s)γ4(s)).
We claim that it will suﬃce to show that the rank of the 2 × 2 matrix A is 2. This means that we have to prove that
det A = 0.
Since v ∈ DH is a singular point, we have v = ˜N(s) + E(s). It follows that
γ ∧ t ∧ v = (cosα(γ2γ ′4 − γ ′2γ4)− sin θ(γ3γ ′4 − γ ′3γ4)− sinα(γ2γ ′3 − γ ′2γ3),
cos θ
(
γ3γ
′
4 − γ ′3γ4
)− cosα(γ1γ ′4 − γ ′1γ4)+ sinα(γ1γ ′3 − γ ′1γ3),
cos θ
(
γ2γ
′
4 − γ ′2γ4
)− sin θ(γ1γ ′4 − γ ′1γ4)+ sinα(γ1γ ′2 − γ ′1γ2),
sin θ
(
γ1γ
′
3 − γ ′1γ3
)− cos θ(γ2γ ′3 − γ ′2γ3)− cosα(γ1γ ′2 − γ ′1γ2)).
We denote w = γ ∧ t ∧ v and v1 = (cos θ, sin θ,− cosα,− sinα). Then we have w⊥v , w⊥ t , it follows that w ∈ Λ0 and w
is parallel to v . So that 〈v1,w〉 = 0.
On the other hand, since det A = 12 〈v1,w〉 = 0. This completes the proof. 
Proposition 5.3. Let D : I × H31 −→ R be the AdS distance-squared function on a unit speed spacelike curve γ in H31 with kg(s) = 0.
Suppose that v ∈ DD and dv(s) = D(s, v). If dv has Ak-singularity at s (k = 2,3), then D is a versal unfolding of dv .
Proof. Let γ (s) = (x1(s), . . . , x4(s)) and v = (v1, . . . , v4) ∈ H31, we have v1 = 0 or v2 = 0. Without loss of generality, we may
assume that v1 > 0, then v1 =
√
1− v22 + v23 + v24. Therefore, we have
D(s, v) = 2(x1(s)√1− v22 + v23 + v24 + x2(s)v2 − x3(s)v3 − x4(s)v4 − 1).
Then we have
∂D
∂v2
(s, v) = −2
(
x1(s)
v2
v1
− x2(s)
)
,
∂D
∂vi
(s, v) = 2
(
x1(s)
vi
v1
− xi(s)
)
, i = 3,4,
and
∂2D
∂s∂v2
(s, v) = −2
(
x′1(s)
v2
v1
− x′2(s)
)
,
∂2D
∂s∂vi
(s, v) = 2
(
x′1(s)
vi
v1
− x′i(s)
)
, i = 3,4,
and
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∂s2∂v1
(s, v) = −2
(
x′′1(s)
v2
v1
− x′′2(s)
)
,
∂3D
∂s2∂vi
(s, v) = 2
(
x′′1(s)
vi
v1
− x′′i (s)
)
, i = 3,4.
So that the 2-jet of ∂D
∂vi
(s, v) (i = 2,3,4) at s0 with constant is given by
j2
(
∂D
∂vi
(s, v)
)
(s0) = ∂D
∂vi
(s0, v) + ∂
2D
∂s∂vi
(s0, v)s + 1
2
∂3D
∂s2∂vi
(s0, v)s
2
= α0i + α1i s + 12α2i s
2, i = 2,3,4.
We claim that it will suﬃce to show that the rank of the 3 × 3 matrix A of coeﬃcients (α ji) (0  j  2, 2  i  4) is 3,
where
A =
(
α02 α03 α04
α12 α13 α14
α22 α23 α24
)
.
We denote
a1 =
⎛⎝ x1x′1
x′′1
⎞⎠ , a2 =
⎛⎝ x2x′2
x′′2
⎞⎠ , a3 =
⎛⎝ x3x′3
x′′3
⎞⎠ , a4 =
⎛⎝ x4x′4
x′′4
⎞⎠ .
Then we have
det A = v1
v1
det(a2,a3,a4) − v2
v1
det(a1,a3,a4) + v3
v1
det(a1,a2,a4) − v4
v1
det(a1,a2,a3).
On the other hand, we have
γ ∧ γ ′ ∧ γ ′′ = (−det(a2,a3,a4),det(a1,a3,a4),det(a1,a2,a4),−det(a1,a2,a3)).
Therefore, we have
det A =
〈(
v1
v1
,
v2
v1
,
v3
v1
,
v4
v1
)
,γ ∧ γ ′ ∧ γ ′
〉
= 1
v1
〈
v,γ ∧ γ ′ ∧ γ ′′〉.
Since v ∈ DD is a singular point,
v = γ (s) + 1
δkg(s)
(
n(s) ± e(s)).
Moreover, we have
γ (s) ∧ γ ′(s) ∧ γ ′′(s) = kg(s)γ (s) ∧ t(s) ∧ n(s) = kg(s)e(s).
This means that
det A = 1
v1
〈
v,γ ∧ γ ′ ∧ γ ′′〉= ∓ 1
v1
= 0.
This completes the proof. 
Proof of Theorem 2.1. (1) Let γ : I −→ H31 be a unit speed spacelike curve with N(s) = 0. By Proposition 4.2, it follows
that the assertion (a) holds. We now deﬁne a function H : H31 −→ R by H(u) = 〈u, v0〉, where v0 ∈ T 21 . Then we have
H(γ (s)) = hv0 (s). Since H−1(0) = AH(v0,0) and 0 is a regular value of H, hv0 has an Ak-singularity at s0 if and only if γ
and AH(v0,0) have (k + 1)-point contact for s0. By Proposition 3.1, Theorem 5.1 and Proposition 5.2, we have proved that
the assertion (b) is right.
(2) Let γ : I −→ H31 be a unit speed spacelike curve with kg(s) = 0. By the deﬁnition of ΛD±γ and simple calculation, we
have
∂ΛD±γ = (1− λδkg(s))t(s) + λτg(s)e(s) ± λτg(s)n(s), ∂ΛD±γ = n(s) ± e(s).
∂s ∂λ
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Then we have G(γ (s)) = dv±0 (s). Since G
−1(0) = AH(v±0 ,−1) and 0 is a regular value of G , dv±0 has the Ak-singularity at s0
if and only if γ and AH(v±0 ,−1) have (k + 1)-point contact for s0. By Proposition 3.2, Theorem 5.1 and Proposition 5.3, we
have completed the proof of Theorem 2.1. 
6. Generic properties
In this section we consider generic properties of spacelike curves in H31. The main tool is a kind of transversality theorem.
Let EmbS (I, H31) be a space of spacelike embeddings γ : I −→ H31 with kg(s) = 0 equipped with Whitney C∞-topology. We
also consider the function G : H31 × H31 −→ R which is given by G(u, v) = 〈u − v,u − v〉. We claim that Gv is a submersion
for any v ∈ H31, where Gv (u) = G(u, v). For any γ ∈ EmbS (I, H31), we have D = G ◦ (γ × idH31 ). We also have the l-jet
extension
jl1D : I × H31 −→ J l(I,R)
deﬁned by jl1D(s, v) = jldv (s). We consider the trivialization
J l(I,R) ≡ U × R × J l(1,1).
For any submanifold Q ⊂ J l(1,1), we denote Q˜ = I × {0} × Q . Then we have the following proposition as a corollary of
Lemma 6 of Wassermann [6]. (See also Izumiya et al. [3,4].)
Proposition 6.1. Let Q be a submanifold of J l(1,1). Then the set
T Q =
{
γ ∈ EmbS
(
I, H31
) ∣∣ jl1D is transversal to Q˜ }
is a residual subset of EmbS (U , H31). If Q is a closed subset, then T Q is open.
On the other hand, let f : (R,0) −→ (R,0) be a function germ which has an Ak-singularity at 0. It is well known that
there exists a diffeomorphism germ φ : (R,0) −→ (R,0) such that f ◦φ = ±sk+1. This is the classiﬁcation of Ak-singularities
(cf., [5]). For any z = jl( f )(0) ∈ J l(1,1), we have the orbit Ll(z) given by the action of the Lie group of l-jets of diffeomor-
phism germs. If f has Ak-singularity, then the codimension of the orbit is k. There is another characterization of versal
unfoldings as follows (cf., [3,4,7]):
Proposition 6.2. Let F : (R × Rr,0) −→ (R,0) be an r-parameter unfolding of f : (R,0) −→ (R,0) which has an Ak-singularity
at 0. Then F is a versal unfolding if and only if jl1F is transversal to the orbit
˜Ll( jl f (0)) for l k + 1.
Here, jl1F : (R × Rr,0) −→ J l(R,R) is the l-jet extension of F given by jl1F (s, x) = jl Fx(s).
By the above arguments we can prove Theorem 2.2 as follows:
Proof of Theorem 2.2. For l 4, we consider the decomposition of the jet space J l(1,1) into Ll(1) orbits. We now deﬁne a
semi-algebraic set by
Σ l = {z = jl f (0) ∈ J l(1,1) ∣∣ f has an A4-singularity}.
Then the codimension of Σ l is 4. Therefore, the codimension of Σ˜ l = I × {0} ×Σ l is 5. We have the orbit decomposition of
J l(1,1) − Σ l into
J l(1,1) − Σ l = Ll0 ∪ Ll1 ∪ Ll2 ∪ Ll3,
where Llk is the orbit through an Ak-singularity. Thus, the codimension of L˜
l
k is k + 1. We consider the l-jet extension jl1D
of the AdS distance-squared function D . By Proposition 6.1, there exists an open and dense subset O ⊂ EmbS(I, H31) such
that jl1D is transversal to L˜
l
k (k = 0,1,2,3) and the submanifolds of Σ˜ l . This means that jl1D(I × H31) ∩ Σ˜ l = ∅ and D is a
versal unfolding of dv at any points (s0, v0). By Theorem 5.1, the discriminant set of D (i.e., the AdS null surface of γ ) is
locally diffeomorphic to the cuspidal edge or the swallowtail if the point is singular. 
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